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RELA’I]‘IONSHIP BETWEEN MIRROR GIMBAL ANGLES AND STEREQ AND
OBLIQUITY ANGLES

W. C. ENGLEHART

In this report, relationships between the mirror gimbal angles and the photographic

or line-of-sight angles are derived for three coordinate systems: Sv, S_. and Sr’.

-S--v Coordinate System

The photographic angles are defined in the vehicle coordinate system, Sv, as a roll
about the X, axis (Qv), then a pitch about the displaced Yo axis (ZV). The definition
of these angles in terms of main tracking mirror gimbal angles and the ATS tracking
mirror girnval angles follows.
Stereo and Obliquity Angles:
Rotations as shown in Figure 1:
S_—S {i aboutx
\4 1 v v
S;,°S, Zv about y,

The transformation equations are:

’xz“ cs 0 -sZ 1 0 0 x
v v v )
vyl = 0 1 0 o - cﬂv SQV Y, ()
z, LsE . 0 - cZ 0 -sf cQ z
| "2 v v v R v
"xz“ c s% 3Q -sZ cfd X
v v v v v v N
= . ' 2
Y2 0 LQv SQV Yo (2)
z, | s% -cZ sQ ct  cQ z
- 2. v v v v v v
where-
s = sin
c = cos
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Main Tracking Mirror Gimbal Angles:

v The angle @ is a roll about the main tracking mirror roll gimbal and
8 is a pitch about the main tracking mirror pitch gimbal., The angle 91

is the -2 degree pitch rotation from the SV to the Sb coordinate system.’

Rotations:

Sv "Sb 81 about the Yv
Sb **Sm @ about %

i s _~s_ '’ 28about y

/ ‘m m m

The rotations and the rotations for stereo and obliquity are shown in

Figure 2,

The transformation equations are:

s P[4 B s >

| m xb Vv
or |
x_ ! c28 0 -s28 1 0 0 c§ O -sel X
vy =10 1 0 0 @ sofl {0 1 0 y, [(4)
zm' s28 ' 0 c2 BJ 0 -sp ¢ <s.61 0 cel‘ z,
where 61 = -2 deg.
which yields
—xmﬂ | [c28 cel - 5?8 c® sel s28s0Q -czesel - s28cpch 1— “xv-‘l
ym' = s¥sf c® s¢ch; yv' (5)

| I

Lzm' 52‘6 cel + c26 cy 591 | -c28s¢p -s528 se1 +'c28 cpch il 2

—&EC—FH:—F/ DORIAN
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Since 22 coincides with -x_ '
i m
|
t
SZV; s28ce .591 - czecel .

il

ch st s20s¢

|

| sz CQV=+CZGSBI+SZGC<()C91

From Equation (7)

s = s20s¢®
v = ¢
v

Note from Equation (6) that for Zv = 0 with Qv =0

tan 28 = cot 91

-Since. 91'= -2 deg, 9= 46°.

BIF-107-50239-68

(6)

(7

(8)

(9)

(10)

Introducing A6, which is the angular deviation from the Zv = 0 mirror position,

into Equations (6) and (9) yields:

0 = 46° + AB

2 2, .
st = s2A8(c9s 91 +c 61) + CZAeselcel(ch -

s = 21— (s200s0
v

1 + c24A8c® 1)

The following expressions to obtain gimbal angles given Z_ and Qv can be

derived using Equatione (6) through (8). .
. ) t

c20=cZ cQ s6, - s cb
v v 1 v 1

where 0 €6 =+ 90 aeg

*S-E&RET-/ DORIAN

(11)

(12) -

{13)

(14)
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ct s

a0 = vy
@ = s2 0
AR =

9 - 46 deg ~ (16)

—%E&REF/ DORIAN
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ATS Tracking Mirror Gimbal Angles:

: Tﬁhe angle e, is a roll about the ATS tracking mirror roll gimbal and
Ga is 4 pitch about the ATS tracking mirror pitch gimbal. The angle v,

is the|9 degree yaw rotation from the S to the S, coordinate system.

otations:

Sv -+ S \bz about z,

Sa it sma 9, about xa'

S - s_ ! 9 abouty -
ma ma a - ‘ma

The above rotations and the rotations for stereo and obliquity are shown

in Figure 3,

The transformation equations are:

1 . _ . ”
Sma l:ea]yma [(Pa]xa H’z]zv Sv a7
or
X o cé, 0 -s87 1l e en ct, s¥ 01 X
Yma' =} 0 1 0 0 co, s9 -s¥, eV, 0} ly. (18)
% na sé, 0 co Lo -sg, <@ 0 0 1 Lz,
Where ~#2 = 9 deg, which yields
Xma' c8_cy, - Sea 5P, sV, Cea s¥, + Sea 59, cwz -sea ce, 1[=,
v} _ o
Yma | © e, sV, cP ¥, _ 5%, Vv
ma 4 Sea C‘hz + cea 5P s»‘”z s® s"’z - cearstpa '.‘?’“’z cBa c? %y
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Tb relate Zv and Qv to the mirror gimbal angies, the mirror normal

~will be placed in the plane containing and with an equal angle between the
f . . % .

optic 1 axis and the line -of-sight (see Figure 3). The rotations shown in

Figure 3 are:

S =8 Q about x
v 1 v v
; 5,7 5, B about V3
whe:t:'e T 4+ 900
g = Y
2

The transformation equat

X5 cB sBst
Yol = 0 cQV
z, sB -cB st

Since z; conicides with z
2 ma

ions are:

-SBCQV , X,
Q-
Sy Yy
cB ch z,

FB = sea cxl;z + Cea s S‘li-d

-cB st

Q
chv

where

= sea S\VZ - CE)a S(?a c¢2

= cea cP,

o = Q-
“v z Zp 90 deg

Using Equations {21) ard

(22) yields:

SQ =

sBcy, -sB,

v

cB s¢2

- (20)

(21)

(22)

(23)

(24)

(25)

 —SEGRET-/ DORIAN
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Gimbal angles are found interms of Bv and Qv from Equations (21) through

(24) aié :

o .
£, + 90 \

B = ——— o . (26)
2

sea = sBc\bz - (:;.Bst s‘#z {(27)
. SP sV, T cBsl_ cy,)
| s9, = 2 LA - (28) .
: a : e . :
. c a
a :
Note from these equations that whekn f

Z =0andQ =0,

v v
\ ea = 44,299 deg and

. ?,= 8.891 deg.
i
. i
r !
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'If the stereo and obliquity angles are to be expressed in the LV/RVV
‘coordinate system, S_, the following relations exist between the tracking
mirror gimbal angles and the stereo and obliquity angles.

;
{
] L]

Stereo and Obliquity Angles: : ;

Rotations:

S —S {1_ about x
r 1 T r
S1 -5, Zr about y,
Frorfn previous relations,
X, co 'sZ  s{ -s% c£Q X
r r r r T r
Y, - 0 ch sQr Yy
; z. s -¢cf sQ cx cf z
[ 2 r b T r T T

! i

where the unit line -of-sight vecter, k, is _2_2.

The attitude matrix, A, relates Sr to Sv’ i.e.,

A:85 ~—S
T v

< ELELEL

where the order of rotation is not important since small angles will he

is

assumed. :pv, ev, and wv are respectively, the roll, pitch and yaw angles
of the body.

1 0 '.—Sv‘ 1 0 0 1 ‘N 0
A =l0 1 0 ?, -1 0
sv 0 1 0 -9, 1. 0 | Ol- 1

(29)

(30

(31)

o Me_te e

. -SEERET-/ DORIAN_




‘\cuv +sne) (e, - s242) (cncp +50)
s., +cL sQ "f +c2 cQ 8 (sZ 1{1 —cZ s(Z —cE‘ cQ cp) ( sZ
L\
Since zZ' coincides with z,
sT =s¥ +cx sQ¥ +cX c Q9
r °% vovy v o vv
. -cZsQ = skt -cZ s ~-clclly
rr | viv v v Vo
e el = -sE8 -cZsQ @ +c¢kcll ,
ror vv. Swoviv Tvw
~ -S-E&R—E—T—/-Domn
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Assuming multiples of small angles equals zero
‘}
X 1 tllv -8 X
Yol -~ -wv 1% Yr
2y ev % Ay
F'rom previous results
’ . _ .
| x, ch sZVsQV sEch X,
‘, Yy "= 0 CQV sﬂv‘ Y,
|
z, ' sk —cz sQ cZ cQ z
] 2 v v v

where 2 2 'i{s the unit LOS vector ﬁ'

Comblnlna Equations (32) and (33) yields:

x, et s sQ -sZ c ] |'1 ¥ -8 x
2 v v v v v v v r
¥ g ¥ cilv sﬂv -d!v 1 CPV Y,
2. lss 7 —ex sn cZ cQ J 3 -9 1 z
2 ‘ v v v vV v v r

TR NG TS R G A e, T e ST L T
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c sL sd. \y -sz cQ 8 )(c2v¢v+ SZVSQV+ sL;dZVCPV) ( cL Y oF sZ sQ 19, -s) cQ)

CZ SO \D *'L‘-l L&)
\'2

(32)

(33)

(34)

[*.
)

Yr

Z
1

1
|
v/ |

fr—

(36
(37)
(38’) -

TR e AT o, ST P
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Therefore, from Equation (36), : o : T T
s = sT +cI (sQ¥ +cQI) S (3
Tr v v v Vv vV ) . ‘
i
and from Equation (37), ;I - .
’ !
e : s '
= - 40
sQr - cL‘r (SQV+ CQVCPV) CZI 1vv (40)
Multiplying Equation (36) by ?, and (37) by 6v, then summing yields:
- = | Q - 41
SZTCPT CZI'SQI'G v SZV((va + ]{"Vev) + CZVS v (WVCPV SV) ( )

MultlplymlF Equatmn (38) by cpv and summing with Equation (37) yields: ' ;

. 2
- 4 = [ ¢ - 2 42
chsQr +cel 9 sZV(Yv Gv\pv) c stv(l + %) (42)

1
2
Multiplymg Equation (42) by (\l!vcpv -8,) and (41) by (1+ ., ), then

summing yields:

st< [1 + C\P%‘-i— :l}‘i'_,r\gj] = sZr [1 + é\‘i‘] - ch'[sQr(ﬂl!v'!- Gvcpv)+ cQ Gv-%)] (43)

2
0 0 Ng . ] 0 0
Equatiown (43) can be reduced to
T _ gyl
% = s% ch(sQr’{Jv+c.QrvL)J 144)

Multiplying Equation (41) by (‘J,fv - thpv) and (42) by -(CPV + erv),. then

surnmlng yields :

SHEY H%N \\& e%]-cz - (l+}§§)+c&2 (¢+N] (45)

Equation (45) can be reduced to ‘ _! :
cZJI_ sk
SQ'V = -(—:3:———(501_ - CQI':PV) + —Cz; wV ) (46)
: v v '

-SEGPH—/ DOR!AN ,
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S, ’Coordinate System

If the stereo and obliquity angles are to be expressed in the LV/OP coordinate
. i

system, Sr ', the following relations exist between the tracking mirror gimbal angles
and the stereo and obliquity angles, " ) ]

i

Stereo and Obliquity Angles

Rotations :

, s’ -8 0_‘about x_’
! T 1 T T
l 5 ’

! S, S2 %L_" about V1

From!previous relations

.xi>2 cz ! sT ‘s’ ‘ -s% ‘cd x /

2 T T T T T T )
vy, | = 0 ch' sQr' ‘ Yr, (4
zé st ' -c 'sQ’ cs e ! z '

T T T T

where the unit LOS Vector, k, is %,.

Assume the crab angle, yaw angle between the orbit plane and the

relativc velocity vector, is defined as M. Then

Sr’—.sr T about zr'
x_ cn s 0 Mz '
Ir X
yel=f-sn en of |y’ (48)
z 0 ) 1 z '
Ir Ir

~SEERET / DORIAN
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From. Equation (35) | assuming Tis a small angle

S Seient) o~ SR

: (49)
! H
’ . . ' : & . ’
Xy (CZV-vastﬂJv—sZVCQVGV)(CLV\IIV-Psts$2v+stcQVCPv) (—c2\’9v+szstv@v-s;vcilv) I no}yx,
’ 4 !
Y2 |7 , (-CQV‘UV+ SQvev) (CQV ) stcPv) (chqu+ SQV) nl 0_ Yy
’ ‘ s - _ - ’
z, (st+chst\lfv+chc82v9v) (stlI!v custv chchcpv) { sZVGV cZVsQYcPV-F—chch) 00 1z 3;
|
- 1
where é‘.z " is the unit LOS vector k. (‘
b | iR
I l; )
Since 22!' coincides with z, [

) _ . - N . : t
s l = s 1=y nl+c [sQ (4 +m+cO (8 + ©,mM ] (50) ;

o~ 7 _ vy _ Y _ -
—czlf iQr = vaWv + 1) c%, M+ s (1 - §m+c (¢, ~9vn)J (§1~)

o ! r _ ' R -
ch CiQr = --szvev - CZV [st ~Pv CQ\,] , (52)

Therefore, from Equation (A -42),

4
sZr = st + czv [SQV (\liv + M)+ Cgvev] (53)
and from Equation (A -43), . 4
ct s .
sQ 'z Vi + Q) - =2, (b + M) | (54)
T ch v wvwv czr v o '

In order to simplify the following expressions, let

A . G = 9v+ ?, N
. ! _ _ :
B = -ch sQ H = ?, Qv‘lj :
D= ¢t ’c’ J = 8 ) J
T v
E=1-{n K = ¢ s
F

SEEREF-/ DORIAN

|
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Substituting these expressions into Equations (50} through (_52)' yields:

A =sX E + cXsl F 4+ cZcl G R (55)
r v v N
B = sL F - cEsQl E -;"‘cZ ¢l H / (56)
v Vv vV X !; .
D =-sTJ - cx sl K + cZ cQ / (57)
v v v v v ‘

Multiplying Equation (57) by H and summing with Equation (56) yields:

! B+ DH = sX (F - JH) -cE_sQ (E + KH) ’ (58)
I ’ v v .V .

|
- Multiplying Equation (55) by H and (56) by G, then summing yields:

] AH + BG = s (EH + FG) + cX sQ (FH-EG) : (59)
o
|
Multiplying Equatior. (58) by (FH-EG) and (59) by (E + KH), then
summing yields: '
i .
5% [F? - FHJ + EGJ + E* + EHK + FGK] = A(E+HK) + B(F+GK)  (60)
+ D(-EG + FH)

Substituting for the dummy variables 'yields:

s‘-l'1+%3+:\2 x \.,\(1+w X&D\K,Z)}A[l—ql\Q’ %& \%n]

(61)
+Bly + n+ e\cp +<PXM+D[ 9 -8\11 +cp\ﬁ +@\§n ]
Equation (61) can be reducedto:
__>‘ ’ / ’ . / ’
sT, = 8T " - cX "[sQ (v +m+ cQ " ] (62)

_SEGRET-/ DORIAN
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Multiplying Eqﬁation (58) by (EH + FG) and {59y by -(F - .TH), then

summing yields:
I

-eZ 50 (% + ¥% + E(HK + GJ) + F(GK -{im] = ATHT - F1+ B[GI+E]l (63)

'y D[EH + FG]

i

Substituting for the dummy variables yields:

-cZ sQ [1+\l&+9\§ (1+¢\¥+9§+‘3§)]
0 *0

‘ 0
ISV W '
i . ’
Equatm?n (64) reduces to
boext ) .Sy
SQV‘ = [N (SQr - CQI' CPV) + c H’V + ) (6.5)
B H v
'

-SEGREF/ DORIAN
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SUMMARY

! H
i !

 The expressions derived in this report to go between all cordinate

i

systems are summarized below. - i

Sv Coordinate System

Main Tracking Mirror

s
v

'i

I

i

lsQ
v

where 91

sZAS(cq)szel + czel) + c2A6 sel cel(cq)- 1)

s
oy (s2AB8s6
v

1 c2h8 cel)

ch ch sel - stcel where 0 £8 <+ 90 deg

ct s
v.Y
s2 .
0 - 46 deg

-2 deg

ATS Tracking Mirror

sp

z

v

cB sxlrz

1 . .
= ?e-—a (sB S‘VZ + cB st C\‘gz)

J "
sea <yt cea s¢ st
2B - 90 deg

L (SSC‘lIZ - Sea)

1
5 (Z, + 90 deg)

sB cy, - cB SQV s‘bz

- where \er = 9 deg.

-SEGRET-/ DORIAN
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(66)

(67)
(68)

(69)

(70)

(71)
(v2)
(73)
(74)
(75)

(76)

TR
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Sr Coordinate System _ 7
sZ = sZ_4+cZ (sQ ¢ +cQ_0) - (77 '
T v v v v v v ' ;
ck sX
s0 = Sy (sq +ef o) - v 4 (78)
cr c
T T
sL = sI_-cE (sQ_ ¥ +cQ_0) (79)
; cZ‘-r sZr
sQ, = o (G - CQr s AL (80)
v . v
Sr' Coordinate System
.
1 - : . 1 1.
2 sE_+ I [sQ (v, + M) +cQ °,) _(8 )
ez, | s _
. _ .
j SQr -7 cEr' (SQV+ CQV CPV) cEr' va m) (8.2)
sEv = sZr' - cEr' [sﬂr’ (\b‘v+ T\)‘+ ch' ev] (83)
. Czr' - . sEr' -
s, = =3 (sQ.' - cGl9)+ <3 H’v+ m (84)
v v
1
!
}
o ' Y
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